The canonical family of Thom forms s for 0 < s < 1 constructed by Harvey and Lawson on an oriented real vector bundle V ! X with metric connection D V is shown to have a smooth current extension to the bundle of real projective spaces, P(R V ) ! X, which compacti es V in the bre directions. The current limit as r ! 1 and s ! 0 of the smooth transgression formula r ? s = r;s is the current equation (D V ) + P(V )] Res ? X] = d 1;0 on P(R V ): Here 1;0 is an L 1 loc current on P(R V ) and X] is the current of integration over the zero section of V . When the rank of V is even^ (D V ) is the twisted extension to P(R V ) of the Chern{Euler form of the connection D V on V , P(V )] integrates densities over the nonorientable submanifold P(V ) of P(R V ) and Res is a smooth twisted form on P(V ). When the rank is odd,^ (D V ) 0, P(V )] is the current of integration over P(V ) and Res is a smooth form on P(V ).
Z has codimension n and P has codimension 1 in X.
Harvey and Semmes de ned the zero divisor, Div 0 ( ), of a section of the vector bundle V ! X. The zero divisor is a codimension n current on X which is supported on the zero set Z of and encodes the multiplicity of vanishing of on Z. If 0 is a regular value of then Div 0 ( ) = Z] is the current of integration over the (suitably oriented) submanifold Z of X. Note that the zero divisor can only be de ned when the section satis es a weak measure theoretic condition called atomicity. Similarly we can de ne the pole divisor, Div 1 ( ), of a section : X ! P (R V ) . Note however that since the even dimensional real projective spaces are nonorientable the pole divisor will not always be a bona de current on X. Instead of acting on test forms it may be de ned to act on a certain space of twisted test forms on X. Consequently the pole divisor may have support on the nonorientable components of the pole set.
Next we endow V with a Riemannian metric and a metric compatible connection D V .
The Euler class of V is represented by the Chern{Euler form, (D V ) , which is a 2n{ form constructed from the curvature of the connection with aid of the Pfa an of a skew symmetric matrix. Note that when the rank of V is odd we de ne (D V ) 0.
The main result can be stated as follows. Let be an atomic section of P(R V ) ! X.
Then, under appropriate orientability assumptions on X and , we have the current equation It is instructive to compare this result to the results obtained in Z] concerning meromorphic sections of complex vector bundles. Suppose that V is a complex line bundle over a 2{dimensional manifold X. In the complex case we compactify V by adding a single point at in nity, that is by embedding V in P (C V ) . The zero and pole sets of a section : X ! P(C V ) consist of isolated points, Z = fz j g and P = fp i g. Then, if 1{form on X and n i and m j are integers. On the other hand we could consider the underlying real rank 2 bundle of V . In this case V is compacti ed by adding a circle at in nity, that is by embedding V in P (R V ) . The zero set of a section : X ! P(R V ) still consists of isolated points, Z = fz j g. However the pole set P is (roughly speaking) a union of curves in X. Suppose (for the sake of simplicity) that P is a connected oriented 1{dimensional submanifold of X. Choose a metric compatible connection D V on V . Then, under suitable orientability assumptions on X and , we have the dimension zero current equation where the winding number, Wind(f; @X), is the number of times the image of @X winds around 0 2 C P 1 . Alternatively, the sum of the local changes in argument around each zero and pole is equal to the global change in argument around @X. Similarly, when V is the trivial real line bundle over R, we can let the currents in (?) act on the test function a; b] to obtain the completely elementary signum principle.
The signum principle. Let f : a; b] ! ?1; 1] be a continuous function with isolated zeros and poles. Then the total change in signum over the interval a; b] is equal to the sum of the local changes in signum at each of the zeros and poles.
The main result is proved as follows. Harvey and Lawson constructed a family of smooth Thom forms s (0 < s < 1) on V in terms of a background metric connection D V (see Remark 3.4). Furthermore they constructed smooth transgression forms r;s for 0 < s < r < 1 so that r ? s = r;s on V . We prove that the Thom and transgression forms extend smoothly to all of P(R V ) as suitably twisted forms and so de ne currents. Then we show that r;s ! in L 1 loc (P(R V )) as r ! 1 and s ! 0, and that the current limits, lim s!0 s = X] and lim r!1 r = P(V )] Res, exist. Consequently P(V )] Res ? X] = d on P (R V ) . The formula (?) on X is proved by pulling back the twisted forms s and r;s to X via . Under suitable orientability assumptions on X and these de ne currents on X, and, provided that is atomic, we can take the current limit as before to obtain (?).
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The reader may wish to start with Sections 5 and 6 and refer back to the earlier sections as required.
1. Orientation Issues.
In this section we gather together some basic de nitions and facts concerning the orientation line bundle O(V ) of a nonorientable vector bundle V ! X and de ne the O(V ){twisted Chern{Euler form of V . We also discuss the relationship between O(V ){twisted forms on X and odd forms on the appropriate double cover and explain that O(TX){twisted forms de ne currents on X.
Let : V ! X be a real rank m vector bundle over an N dimensional manifold. The bundle of orientations of V , Or(V ) ! X, is the principal Z 2 {bundle whose bre over x 2 X consists of the two possible orientations of V x . The orientation bundle, O(V ) 2. Divisors of atomic sections of a nonorientable bundle.
In this section we apply the work of Harvey and Semmes HS] to de ne the notion of an atomic section of the projective compacti cation of a bundle V ! X and de ne the zero and pole divisors of such a section. To do this we are forced to make sense of the divisor of a section of a nonorientable vector bundle. In HS] orientability assumptions were imposed on the bundle and on the base manifold in order to ensure that the divisor of a section was a well de ned current. We begin this section by investigating what happens if these orientation assumptions are relaxed. For example, let be a section of a rank n real vector bundle V over an n dimensional manifold X, and let x be an isolated zero of . Without any orientation assumptions on V or X we cannot de ne the multiplicity of vanishing of at x. However we can de ne the magnitude of vanishing by making arbitrary choices of orientation on V and X in a neighbourhood of x and computing the absolute value of the multiplicity of vanishing of a local coordinate expression for near x. One of the aims of this section is to de ne the zero divisor of an atomic section of an arbitrary real vector bundle as a distributional section of the appropriate space of twisted forms. The fact that we can only speak of the magnitude and not the multiplicity of vanishing is re ected in the fact that the divisor is forced to act on twisted forms.
De nition 2.1. HS and so we de ne the divisor of to be the usual current pushforward (with a factor of a half) of the divisor of e , Div( ) := p Div(e ):
Note that in this case Div( ) is a current on X. Similarly we could de ne Div( ) 2 (X; O(V )) 0 when V is orientable over a nonorientable manifold X or when both V and X are nonorientable and O(V ) 6 = O(TX). Example 2.8. Let X be a nonorientable compact manifold and consider the tangent bundle TX ! X. Let be an atomic vector eld on X with isolated zero set fz 1 ; : : :; z N g. By Proposition 2.6 there are integers n j such that
Note that the integer n j is the well de ned multiplicity of vanishing of the vector eld at z j .
In the case that V is a nonorientable bundle over an orientable manifold the divisor of an atomic section can have support on the nonorientable components of the zero set Z.
Proposition 2.9. Let be an atomic section of a nonorientable bundle V over an orientable manifold X. Suppose that the zero set Z of is a connected regular submanifold of X. (Z) . Suppose that Div( ) 6 = 0.
( De nition 2.14. Let p : V ! X be a smooth real rank m vector bundle and M a smooth manifold. Let f : M ! V be a smooth map and let V ! M be the pullback of V ! X via p f. Suppose that O(V) = O(TM).
(1) The map f is called atomic with respect to X if the induced section e f of V ! M is atomic.
(2) Then the divisor of f with respect to X, Div X (f), is de ned to be the divisor of the induced section e f of V ! M.
Note. The divisor of f with respect to X is a current on M which is supported on the subset f ?1 (X). Now let V be an oriented bundle over a manifold X. Unless otherwise noted we make no orientability assumptions on X. Let P(R V ) ! X denote the bundle of real projective spaces whose bre over a point x 2 X is the set of all one dimensional real subspaces of R V . The ideas presented above can be applied to a section of the compacti ed bundle P(R V ) ! X as follows. First we recall some of the basic structure of the bundle
provides a compacti cation of the bundle V ! X in the vertical directions. The total space of the projectivized bundle P(V ) ! X can be regarded as a codimension 1 submanifold of P(R V ) by the inclusion P(V ) , ! P(R V ) v] 7 ! 0; v]: Note that P(R V ) = V t P(V ). Also recall that X embeds in P(R V ) as the image of the zero section of V P (R V Lemma 2.17. Let V ! X be an oriented Riemannian vector bundle over an oriented manifold. Let L V be the tautological line bundle over P(V ) and let L ? be its orthogonal complement.
(1) Suppose that rank V > 1 is odd. Then
are nontrivial over P(V ). Proof. Since P(R V ) X is the total space of the bundle L ! P(V ) Lemma 1.2(2) implies that
The proof is completed by appealing to (1) and (3) of Lemma 1.2 and recalling that the odd (even) dimensional real projective spaces are orientable (nonorientable).
Let U R V be the tautological line bundle over P (R V ) . Note that the restriction of U to P(V ) is L. For the rest of the paper we set O := O(U). Let Z = ?1 (X) denote the zero set and P = ?1 (P(V )) the pole set of a section of P(R V ) ! X. Note that Z \ P = ?. De nition 2.18. A smooth section : X ! P(R V ) is called atomic if the following two conditions hold.
(1) The induced section : X P ! V is atomic.
(2) P has Lebesgue measure zero in X.
De nition 2.19. Let be an atomic section of the bundle P(R V ) ! X. Suppose that O = O(TX).
(1) The zero divisor, Div 0 ( ), of is de ned to be the extension from X P to all of X of the divisor of the induced section : X P ! V . (2) The pole divisor, Div 1 ( ), of is de ned to be the extension from X Z to all of X of the divisor with respect to P(V ) of the induced mapping : X Z ! L . Remark 2.20.
(1) Using the orientation on V the orientation bundle O can be trivialized over the chart V P(R V ) de ned by (2.15). Then since the restriction of to X P de nes a section of V we conclude that X P is orientable. Consequently the zero divisor, Div 0 ( ), is a well de ned current on X.
(2) Since the orientation bundle of the pullback of L to X Z via is equivalent to the orientation bundle of X the pole divisor, Div 1 ( ), is a well de ned current on X.
Remark 2.21. Suppose that X is orientable.
(1) If the rank of V is even, then P(R V ) is nonorientable and the pole divisor of the tautological section c : P(R V ) ! P(R V) is the current of integration over the orientable manifold P(V ), Div 1 (c) = P(V )].
(2) If the rank of V is odd then P(R V ) is orientable and O O(TP(R V )). Nevertheless we can still de ne Div 1 (c) and P(V )] as distributional sections of (P(R V ); O) and check that Div 1 (c) = P(V )]. Example 2.22. Examples of sections : X ! P(R V ) for which O = O(TX) can be constructed as follows.
(1) Suppose that X is orientable and let p : S(R V ) ! P(R V ) be the usual projection map. Then for any map e : X ! S (R V ) (2) Suppose that : RP n ! RP n is homotopic to the identity map. Then O = O. Many homogeneous functions F : R n+1 ! R n+1 of odd degree give rise to such maps. To show that a particular F gives rise to such a we just need to show that for each t 2 0; 1] the map G t (x) := tF(x)+(1?t)x has no zeros on the unit sphere. In that case g t (x) := G t (x)] is a homotopy between and the identity. 4. The universal compacti cation.
Let be a smooth section of the bundle P(R V ) ! X. On the complement of its pole set de nes a section : X P ! V . Let ? ! D s (0 < s < 1) denote the smooth approximating family of connections induced by on V over X P using the real algebraic approximation mode. Remark 4.1. The universal case. Let V be the pullback of V to P(R V ) via the projection map p : P(R V ) ! X, and let D V be the pullback to V of D V . The induced bundle P(R V) ! P(R V ) has a tautological or universal section which sends a line l 2 P(R V ) to itself. The section is atomic with zero divisor Div 0 ( ) = X] and pole divisor Div 1 ( ) = P(V )]. For any section of P(R V ) ! X we have V = V as bundles with connections, and ( ) = . So to prove results of a smooth nature on or over X which involve a section it often su ces to prove them on or over P (R V ) In the universal case the family (D U ? ;s ; U ? ) is constructed over P(R V ) as follows. Let U R V be the tautological line bundle over P(R V ) and let U s (0 < s < 1) be the pullback of U over P (R V ) and T r;s of the family D U ? ;s on U ? ! P(R V ) are actually O{twisted forms on P(R V ), and so de ne currents on the nonorientable manifold P(R V ).
Combining Lemma 4.3 with Theorem 4.4 yields Corollary 4.6. Let = (p 1 ; :::p n ) (resp. = (p 1 ; :::p n )).
(1) The characteristic and transgression forms ( ? ! D s ) and T r;s (0 < s < r < 1) of the family ( ? ! D s ; V) on V extend smoothly to all of P(R V ) as the O{twisted (resp. bona de) characteristic and transgression forms of the family (D U ? ;s ; U ? ) over P(R V ).
(2) Let be a smooth section of P(R V ) ! X and let P X be its pole set. Then the characteristic and transgression forms ( ? ! D s ) and T r;s (0 < s < r < 1) of the family ( ? ! D s ; V ) on X P extend smoothly to all of X as the O{twisted (resp. bona de) characteristic and transgression forms of the family ( D U ? ;s ; U ? ) over X. 5. The even rank case.
In this section we compute and study the {characteristic current at time in nity of an atomic section : X ! P (R V ) Note that Res 1 ( ) is a bona de smooth odd degree form on the oriented manifold P(V ).
In fact it is easy to see that In particular when X is a point
where Vol is the normalized volume form on P (R 2n ).
Remark 5.9. In the complex case (see Z 3.7]) the Chern current at time in nity has some nice structure. A complex vector bundle F ! X is compacti ed by embedding it in the bundle of complex projective spaces P(C F) ! X. The residue at time in nity, Res 1 ( ), is a d{closed even degree form supported on spatial in nity P(F). Its cohomology class can be computed in terms of the Chern classes of F ! X and L ! P(F) where L is the tautological line bundle. Furthermore in the universal case the Chern current is a d{closed at current on P(C F) which can be expressed as the sum of a singular term, Res 1 ( ) P(F)], supported at spatial in nity and an absolutely continuous L 1 loc term, (D F ), (which happens to be C 1 ). The main point here is that the absolutely continuous and singular terms are both d{closed.
On the other hand in the real case the residue at time in nity is the odd degree form ?2T 1;0 (u) on P(V ) which is not d{closed. In fact d Res 1 ( ) = ?2 (D V ) on P(V ):
The characteristic current at time in nity is the d{closed current given by (5.6). It splits as the sum of a singular term and an L 1 loc term. However neither piece is d{closed in general. In fact
which is zero only in the at case. It is interesting to observe that the nonorientability of P(R V ) implies that the L 1 loc part of ((D 1 )) is not d{closed, while the fact that P(V ) is codimension 1 implies that the residue is the odd degree form ?2T 1;0 (u), which also fails to be d{closed. ) and is the volume form on P (R 2n ) which pulls back to the solid angle kernel on R 2n f0g. Suppose further that dim(X) = 2n, that the zero set consists of isolated points fz j g and that Sing P = ?. Let fP i g denote the connected components of P which are orientable. Then, by Proposition 2.6, there exist integers n j so that Note that since P is codimension 1 we can choose the orientation on each P i so that the multiplicities m i are all +1. Also, by Remark 2.20, X P is orientable. In (5.13) we have chosen the orientation on X P which is compatible with the standard one on the chart
) de ned by (2.15). This induces an orientation on @X X P and on each of the the spheres @B(z i ) X P described in Theorem 5.14 below.
Using currents we can de ne the degree or sheeting number, Deg(f), of a map f : M ! N between compact connected oriented equidimensional manifolds without boundary by f M] = Deg(f) N], and show that it equals the number of preimage points (counted with a sign) of a regular value of the map. Then, letting each current in (5.13) act on the test function X], we have the following theorem.
Theorem 5.14. Let X be a compact 2n{dimensional manifold with boundary @X. Let f : X ! P (R R 2n ) be a smooth map. Suppose that f O = O(TX). Suppose that f vanishes algebraically and that its zero set consists of a nite number of points, Z = fz 1 ; :::z N g.
Suppose (for the sake of simplicity) that the pole set P = f ?1 (P (R 2n )) is a smooth oriented connected (2n ? 1){dimensional submanifold of X and that (Z P) \ @X = ?. Then
Mult(f; z i ) ? Deg(f P ) = Wind(f; @X):
Here Deg(f P ) is the degree of the map f : P ! P (R 2n ). Let : R 6. The odd rank case.
Let : V ! X be an oriented real Riemannian vector bundle of odd rank m = 2n ? 1 over an oriented manifold. Harvey and Lawson de ned a family of Thom forms s on V associated with a metric compatible connection D V . These forms have all the properties of the Thom forms de ned in the even rank case (see Remark 3.4). However since the Chern{Euler form of a connection on an odd rank bundle is zero the construction of the Thom forms is somewhat di erent in this case. They showed that the forms s on V extend smoothly to all of the orientable manifold P(R V ). The main aim of this section is to compute the Euler current at time in nity of an atomic section : X ! P (R V ) Lemma 6.4. The approximate spherical potentials r;s have the following properties.
(1) r;s is a smooth (2n ? 2){form on V .
(2) r;s has a smooth extension to the compacti cation P(R V ) of V , and (3) d r;s = r ? s on P(R V ).
Proof.
(1) Let (s; u) = (s; u 1 ; : : :; u 2n?1 ) be local bre variables on R V corresponding to a positively oriented orthonormal local frame (e 0 ; e) = (e 0 ; e 1 ; : : :; e 2n?1 ) for R V . (X) for p n ? 1 by the atomicity of . Finally (6.10) is obtained from (6.11) using HL:
When its rank is one V , being oriented, is the trivial bundle R and we study atomic maps f : X ! RP Next we de ne the residue density and the Euler currents in the universal case.
De nition 6.14. The residue density, Res 2 2n?2 (P(V ); O), is de ned to be the O{ twisted form on P(V ) corresponding to the odd form ?2 on S(V ) (see (1.6)). Note. Recall that O is the orientation bundle of the tautological bundle U ! P (R V ) and that the restriction of U to P(V ) is the tautological bundle L ! P(V ). De nition 6.19. Let : X ! P(R V ) be atomic. Let L denote the pullback to X Z of the dual of the tautological bundle L ! P(V ) via the induced map from X Z to P(V ). Note that L may be nonorientable. The pole divisor, Div 1 ( ), is de ned to be the extension to all of X of the divisor of the induced section : X Z ! L . In particular Div 1 ( ) 2 1 (X; O) 0 ; where O := O(U). Notes. See Propositions 2.6 and 2.9 for some results concerning the geometric structure of the pole divisor. In particular, if O R, the pole divisor can have support on the nonorientable components of the pole set.
Let f : X ! Y be a smooth map. We can use the local description of O{twisted forms given in Remark 1.1 to pullback O{twisted forms on Y to f O{twisted forms on X. De nition 6.20. Let be a smooth section of P(R V ) ! X, and let p : P(R V ) X ! P(V ) be the natural projection. The residue density, Res, is de ned to be the O{twisted form
Res := (p ) Res on X
where Res 2 2n?2 (P(V ); O) is given by (6.14).
Finally we are in a position to state and prove the main theorem of this section.
Theorem 6.21. Let V be an odd rank oriented real vector bundle over an oriented manifold X, and let be an atomic section of P(R V ) ! X. Then the Euler currents at time zero and time in nity exist on X and are given by 0 = Div 0 ( ) and 1 = Res Div 1 ( ): Furthermore the current equation (6.22) d 1;0 = Res Div 1 ( ) ? Div 0 ( ) on X is the current limit of the smooth \transgression" formula d r;s = r ? s on X. Theorem 6.23. Let X be a compact oriented (2n?1){dimensional manifold with boundary @X and let f : X ! P (R R 2n?1 ) be a smooth map. Suppose that f vanishes algebraically and that its zero set consists of a nite number of points, Z = fz 1 ; :::z N g. Suppose (for the sake of simplicity) that the pole set P = f ?1 (P (R 2n?1 )) is a smooth connected (2n ? 2){ dimensional submanifold of X and that (Z P) \ @X = ?. Then
Here Mult(f; z i ) and Wind(f; @X) are de ned just as in Theorem 5.14. However the de nition of Deg f P needs to be modi ed to account for the fact that P(R be the orientation preserving map covering f. Now proceed as above.
Proof of Theorem 6.21. First we prove (6.22). Consider the induced section : X P ! V and note that 1;0 = on X P . Now is a homogeneous form of degree m ? 1 in the bre di erentials which is d{closed on X Z and has residue ?1 (see HL: IV, 2.5 (5) 
